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Chapter g OSCILLATI

t ^
t ' /- ,= f0 l  U  I  +  -  s in (0 .12r )  cos(@f)  +  i  s in (0 .22 . )  cos(2o f lL  7 r  2 r  

- - "  " ' - "

2 1t 
;-  sin 0.3z c.os,3a.r lr  -  .  .  ,  I' )r f  

l= Fn[O I + 0.197 cos(cof) + 0.1g7 cos(2rol)
+  0 . 1 7 2  c o s ( 3 & r f )  + . . . 1

The resonance denominators in Equation 3.g.14 are given br.
f  t  , ' l' ,  =  
L( , t  

- , , ' f )  -  r ,e t  2612, ,z f ] " :  
f ( ,  

-  T i
Thus,

I  r , t
0 .0 ln,J  corn

rr'hich gl'es

d o : 0

d o = t a n r

T]re steadr -state nrot ion ol
t i o n  3 . 9 . 1 3 ) :

Do :  @3 D,  :  0 .757uf i

The phase angles (EquaLion 3.9.15) are

D, = 0.2ai D, = 1.285of i

d ,  : 1 a n - r 1 6  1 3 3 )  : 0 1 3 2

T : 7 r , / )  d 3 :  t a n  r t _ 0 . 2 - 1 t  :  _ 0 . 2 3 6

the slstern is tlierefore qiven bv the follorirng series

F..
t11 t  =  - i [0 .1  +  0 .26  cos(zo l  _  0 .132)  +  0 .g35 s in (2ar f )  +  0 .13 .1  cos(3zr l  +  0 .236r  _

The dorninant ternr is the one inrolr inq the second harrnonic 20) :  d)r,because c,.,0 rs ct lre resonant frequen.r Note arso trr" pT,"r"; i ; ; ;" . ,r ' ,  cos(2rof -r/2) =sin(2a.r/)

PROBLEITIS

. {  g r r i t a r  s t r i r r q  r  i b ra tes  h i r r r r r on i ca l l r  u i t l r  a  f r e r r r r e r , , .
n r i r l , i e  f ' ^ r r  + 1 . - , . . , . ^ : ^ - l  - ,  r  \  r rmicldle C orr t 'e nr,sical s 

'

stri,rq is 0 002 r. ,2 ,,",). ,:il:J_i:il:ilH',l",,l;:i:::lffi:TT,::Xn:**
at that point?

,).ll::.,:ll :.. 
,trs sirr'ir har'onic rnotion r.",itli an arnpiitrrcle of 0 l rrr. If it pas-se*

:: : i l : i l : lT 
trrrter uf i ts rrrot ion r i i th a sper,cl of 0.5 mA. s,hat is the period of

i,::::,:.l"jer 
qoes sirnple haruronic rnotion r'ith a fre<luencr.of l0 Hz. Find tireplacentent r at anr. tirne t for the fol.lo*,ing initial condition:

t : 0  r = 0 , 2 5 m  r . = 0 , 1  r n / s

3 . 1

3.2

3.3



ui

Ki, i2e
ft

Fk :::lL,:l; j'lit"'s a'ro'rq tne fo,r q.antrties ,-, D, 6o,ancr A given b'

lf _t i:::l: lll]il"^i:jl"'g 
si',ple harr'o'ic n,otion lias a 'elocitr,.t, *,hen the displace,rent

i .  = i  and a 'erocit ' rn.* 'hen the cl isplacenrent is r, .  Find the'angular frequen*, and the

, [,{:':: :::':,r1i:j':l:lll.':';'"' 
oi t1," gi'en quantities':,:s' '-h llrr' srrrf:rce of the moon, th" uc"ere."tion oigraritv is about one_sirth that on the ,

i* a:;:.)],3:,: j]:]:]f.ryll:crr'f a sr',pre p"ndiu,,'"rr.''g,i'i * on"th. n,oon?,.
i'tr ;,...",iill'::,);:llijjfll:::.i: l1l:: '::o::ti'teh: are ,";i,r';;;cd position to
i 

' 
,ltl, I 

,, 'lllil., 
]l,r"ct of nrass ,ir Shou, tlut the angular f,=qi;;"r. ;f 

"sciilation is
; :  .  -  A .  r r r l r - i i thespr i r igsare t ied inpara l le l , " i ' a ; f  

, l r z j t ,  +k r l , , , ]  r / z i f the
. .  ? rnS.  a r r  t iF ( l  i t r  s r r ies .

fffi 
A sprin-q of stiff'ess A'-supports a box of urass,\.I in rvliich is placed a block of 'rass ,r.i iitire sr-stenr. is. p.lrecr crorin*,ard , drt,r,r." .l rrom the equiribrir-rm position and then

i 
-.:ieased. fi.nd the ibrce of reaction behr.een tl" rrt".,t 

",ra'ttr" 
t 

"li.fi "r,1" 
box as af :rrnctron of trrrie. For wrrat viilue of r/ u,ill tlie block just rr"gi" a r""r." in" bo,ro- oi

,* :;:,,:";1,:: li:: 1t:ii:: 
'.',n"r 

","ir"i'"".i ."gr"", an' air resistance
' ffi lho* titat thc ratio of hro srtccessir e marirna in the clisplacement of a clampeci 5ar-: : ; , .n jc .sci l lat.r  is c,rstart.  i - \ 'otcr The 'r iuinra do nut i"", , '  

" i ;"  ; ; ; , .  of contact

iP lltfl]:*:',:::::]lll :;l ', :-';ir k_: 2s0N/'r, a,]cr c : 60 kg/s is sub-'ert to a clriri 'g fbrce gi'en b' Fn cos art, *,here l.o : 4g N 
rv ^E/ r rs suu-

i1].,J,llit::ffi;:: 
r'esults i. ste'ch -state osciilatio.s *.itti ,,zxirnu' amptitucte?

,  b )  \ \ ' ha t  i s  t i te r  rn rurnr r r rn  an tp l i tude?
c) \ \- lrat js thc phasc shif t?

LlI  \  rr ' f ' - \- \  / /r  r"re.s ;rr.r ' t l rc_r-a-r is srrbjcr ' t  to arr attractr 'e force gi 'e'  bt.17B2n../2 arda ret,rrrlirq Ib'ce grrerr br, ,iBrrr,r. r,,r,"." ... is its clistance r."," ,ri" 
".rgri' 

1,.,d B is , cuu_

;li:t",:il li:lli:,:" 
*" "" br rti'{ cos ,,t, ,,4,ere A is a constant, b appried to the par-

ia) \ \ ' l iat 'al tre of z' ' r  restr l ts i .  steadrstate osci l lat ions about the origi.  * i th , .rrr ir 'un.ranrpl i tLidt,?

(b) \ \ 'hr i t  is t l r t ,  rnarirnrrrn arnplrtuclt ,?
* lr  Tlre l iec|rencr f  ,  o1'a darlrpecl l tarr,oric osci l lator is 100 Hz, and t ire rat io of. the anr-I ,J j t r t , le , , l  t r r , ,  s r  i ( r , r : r  j \  r ,  l l i L \ i t  l  r .1  iS  o r te  l ra l l

{a) \\'hat i.s the trnclirnrped fr.eqrrenc,r,.f,n of this oscillatorp
(b) \ \ 'ht i t  is the re

tr3 
l:::,: * l;1,'1',,,::':;:':",,',',1,;J,.l,i*",""," osclrator crrop s to r/eor its initiar varueattertt  rrotr ' ipletec'cles Sl iori  thattheratioofperiodof osci l lat i ; tJt i"p.. ioa.rf  th"sanre osc,i l l i t tor-uith rro <laurpirrg i ,  oir",r ' i r i  

"

+ = ( r  - - + ) '  ' : , -  I
'  + 7 i - t t -  I  

\ t ) t r 2

;,T';i[,iii]i:il;|,'|.i]J'iirrt 
J:rst expi essio' is r alicl if n is large (See tlie approxinia-

i lJ \\ orl' all rr.lr ts of Er,irrple 3 6. r rbr the c,asc, in ri4rich the exponentiar daurping lactor 7is o'e_half t 'c cr i t ical ialue ar<l t 'e d. ir irr j i r"qr"n.. is equ.l  Io2ao.
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Chapter 3 OSCIILL {TIO\S

3' 15 For a lighdv daurped ltarrnonic oscillator 7 ( tr.r,, , sirou' tliat the dr.irinq fr.eqLren*. for
r'r'hich the steadr -state amplitLrde is oue-half the steach'state anrpiitucle at the resonant
lrerpencv is gir.en Lrv rr..r - @. * lV 3

3'16 If  a series 1,CR circrr i t  is corrnected i lcross thc terrninals of an electr ic generator that
p|oduces a. 'ol tage \ '  = \ :-)(, i" ' / .  t l re f lou ot elcr.tr . i t , :Lr t , i r .rrqe,7 throLrgrr irre circuit  isgi 'en l^ the f ir l lor i i r ig secou<l-.rcrer di l l ! rc.t i rrr erlr .Lt i .r :

,  , l  - ' 1  
^ , 1 , 1  I, .  , .  -  n i  ,  

a . , l  
=  \ ' , , , -

(a) \ 'er i f \  the correspondence sl ionrr irr  f  able 3,6.I i rehvc.en the paranreters oi a
drivetl tnechanrcal oscillirtor ancl the above cirivcn electrical oscillator.

(b) Calculate the p of the electr ical c ' i rctrt  rn terms ol thc coelf ic. ients o{ ' the abor.e
dif f erential crpatron.

(.) Shou'that. in the case ol 'srrral l  r larrrping. p can be rvri t te, l  as e = l l , , /R. r i .Sere
R,, : \,T/C ts the clutractt,ri,stic rtriptiiarrr;r, of the cir.cuit.

3'17 A clarnped harnrorr ic osci l lator. is drr ' , . t ,rr  br.:rn external fbrce oi t l re lbr 'r

.F-,.,, : .F,, sirt rot

Shog-that t l re stt  ach.statt,  solrrt iorr rs given lrr

\ 1  . \ o  r i r r  u t  - S

$ i te re  - { ra r  a t t t l  d  i r re  i t le r t t i t r r l  to  t i r t ' e rp r t ' ss ions  q i r tn  l r r  Ec l ru r t io ls  t l .6 .Te  ar rc l  3 . f i  \
3 ' r8  Sohc t l re  t l i l l i ' re r r t i rL l  (L l r t i t t ro l  o f  r r ro t io r r  o l  t l i t ' r lanrpe t l  harnr in icosc i l la to r r l l r .e r r  6 r

a t lanrpt 'd hrrr.rnon jc, l i rrct. :

l ' , . . , i t  i  :  l t , , t '  " 1  cos  a1

( H i t t : c - " r c o s r t r f  : H ? l (  * t  t L o t \ : l . t i ( , t i t ) . u . l t t , r c F -  - r ,  * l r r . , , \ s s u r r i a  o s r t h i i o r i
o.f the fttrrn A7' ttr ' t6 ,

3 ' rg A s i rnple perrr l ' l r r r r r  o i  lerrgt l r  1rsc, i l l r r tcs *r th i r r r  arnpl i t r rc le o l  .15o.

(a) \Vhat is the periocli,

(b)  I f  th is pendir lunr is  usecl  r rs a labolrr torverpt ' r inent  t r . r  c leterru i le t ;e, r .a l r re. f  g.
f i . d t h e e r r o r i . c ' l u c l e c l  i n t h c , . s e o 1 ' t h e e l i r n c r r t a ^ . f b r r ' r r l a , r . , , : l v i ! 1 o 1 t -

(c)  F- int l  t l re i rpproxir rate :u l lount  of  th i l r l - l rar l iorr ic  c.orr t t ,nt  i r r  t l re osc, i l la t ion ol  the
pt ' rc lu lum.

3.20 \  er ih '  Equat ions 3.9.9 and 11.9.10 in the text .
3.21 Slor i  that  the Forrr ier  ser ic,s for  a per iocl ic  sr luarc u,ave is

f r l  :1fr i , ' , r , , , r )  + f  s inr.}of)  -r  ]s irr i5ror) -  
]

ti{tere

f i t r  :  + l

f i  t r  :  - 1
for 0 < at { r .  2t { at .1 i lz. rr lcl  s. orr
fo r  n  (  a t  1 .2 r .  t l : r  { .  o t  {  - l r .  a r rc lsoon

t"se the abovc' resrt l t  to 6nd the steadr.state nrot ion of ir  dtrrnptcl haruronic osci l iator
that is driven br '_a periodic.sqrr( irc-\\ 'a\r. for.r, t ,of :rrrrpl i t ,rdc Fi .  Li  part iculaq Cn,l  t l r"
relatr 'e arnpl i tudes of the f irst t l i ree ternrs. .{  r  ,  A,r.  urr. ' l  A , of 

' th" 
.arirnnr. function r

in the case that the third hat nrurnc 3.., ,  of t l rc i l r i r i , ,q freqLre,ro coinJicles r,rtb the r.r-
quenc\ '@0 of the undartrpeci osc.i l lator. Let t l re qual i tv f  actor p :  100
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3.23 (a) I)erivt '  t l re [ irst-orcler djf l i rentia] t ,quation. d7, 'r l" t .  describinq the phase-sPace tra-

. j t ,ctorv ol t l r t '  sirnpk: hi irrrorr ic '  osci l lator.

(b) Soh c i l re t ' r l rrat iorr.  proving that t l ie trajectorv is art el l ipse.

3-2-1 .\  sirnple pcrrr luhrnr ultose' lenqth 1 = !1.8 rn satisf ies the equation

d + s i n d : 0

(a) I1'O,, is t l re arrrpl i tucle of 'osc,i l l i t ron. shori '  that i ts periocl T is given br '

'  = t  l "  - ._*- --  * 'here a :  ' iu ' ]  o"
J '  I - 0 \ l l l - @ ' -

(b)  F}parrd t l r t '  i r r tcgr : i r i t l  i r r  pot t , rs o{  a.  i r r tcgrrr tc  tc l rn bv ternr .  and f ind the per i<, ,d

I '  i i s  r i  pou ' r , r  s t , r i c s  i r r  r r .  K t ' cp  t e r l ns  up  t o  i u rd  i nc ' h r c l i t r g  O  t n  2  ) .

( c )  F . r p t i nc l  r r  i r r  r r  po r i t , r . s t , r i c s  r i f  O , , .  i r i s r : r t  t l r e  r t ' s t t l t  i t r t o  t h t ' y t o r r r : r  se r i t ' s  f t r t r t t c l

i r r  l r  .  i r r r c l  f i n c l  t l r t ' p c r i o< i  7 ' as  i r  ] ) o \ \ 1 ' r  s c r i c s  i r t  O , , .  Kec l l  t e rn t s  t t p  t o  anc l  i r t -

,  l , r , l i r r l  r  )  (  ) , ,  .

COMPUTER PROBLEMS

C 3 .1  
' l - l t t '  

t ' r ac r t  c r l r r i L t i o r r  o l  r r t o t i on  i b r  e  s i r r r p l e  pc r r t h r l u r r r  o f  l t : r r g t l i  L  r scc  Exan rp le  i l . 2 . 2 )

i :  g i r  c r r  l l

0  +  a i  s i n  d  :  0

u l tcre r, . , i  :  gi l , .  f  inr l  f /(1 I  l rv nrrnierical lv integrating this equation of nrot ion. Let
L = l .(X) rrr.  l ,et tht,  i rr i t i i t l  r ,ourl i trons be d0 : r12 rxland d,, :  0 racl/s.

(a) I)krt l /Lt I  f l 'otr i  I  -  0 to -1 s. . \)so. plot the solut ion obtainecl bv using the snral l-
iurglt ,  r ipprorir l i r t iol l  is i l r  0 = 0) <tt t l re sarne grrr l t l r .

(b )  I l t 'P t ' r r t  : t r  f i t r  d , ,  :  l l . l ( )  r ' r t l .

( ( ' )  I ' l o t  t l r t ' p t ' r ' i o t l  r i l ' t l r t ' pe t t<hr l r rn i  r rs  a  f i r r rc t ion  o f ' the  ar r rp l i tuc le  d , ,  i i onr  0  to
: l . l0nL t l .  \ i  r i ' l r rL i l r rP i i tu< ledoes tLePcr ioc l  r le r ia te lx  n ro le  than2%{ ion t
\ g,{_ ?

C 3.2 .\ssttrtre t l tat t l r t '  t latrrpir ig t i i rc 'c fbr the clanrped lnrnrcnic,osci l l . r tor is ploport ioni i l  to
the sr|rru'e ol i ts ve.locitvr that is. i t  is grrcn lrr - i  

"_r. ir . .  The eqLratiotr o{ 'rrrot ion fbr
s r rc  l r  lL r  osc i l la to r  i s  t l r r rs

f  * 1 7 r i ; r r ; i . r = 0

r. lrere 7 : c.. , :2rtL ald o j  :  A, rrr.  Fincl rr l  )  b'rurncricalh' integrating the irbor.e
e t l r r i t i o l t o l ' r r r o t i o r . L e t T = { r . l U r 1  r . ' n r i d o . , : 2 , 0 0 r a d r s . L e t t l i e i l i t i a l c o n d i -

t io i i s  ber r0  :  1 .00  nr  anc l i ( t . ) r  =  0  u t , /s .

(a) Plot r i t i lionr I : 0 to 20 s. .{.lso, on the siune grapli. plot the sojution for the
datnped ltartttottic oscillator ri'here the danrping ibrce is linearlr'proportional to
the velocitr ' :  that is. i t  is qivel br '  -c, i '  Again, let y = c r /2nt = 0.20 s -- I  and
<r,, , ,  -  2,00 rad/s.

(b) For the cirse of lineal cirrurping, plot the log of the absolute value of the succes-
si 'e ertrenrir 'ersus their t ime of occurrence. Find the slope of this plot.  and use
it to estirnate 7. This nrethocl ri-orks u'ell for the case of u.eali damping. )

1 3 1(  ] I I , I , d f iO \S

'er l r rencv tor

:he resonant

'rator that

: ' i rcrut  rs

ers cll a

lhe :rlxrve

R. u'hc'rc

e anr l  : l . f i .S

r  dr iverr  bv

d  \ t ) l u t i t t n

alLre o1'g,
' i o t )  )

ion ol  the

rscillator
. find the
.rn('t10n r i1

th tlie fre-



t  = f tL s- ' A - -  D . o a z , n

x (t) =- A s irn .rt

4)  =  7 ' r l

iCt )  =  Aucos '^ r*

'  ^ d  =  ( o . o o z , n l ( z , r ) ( s , z ; ' ) ' =  6 . q s q / s
/-.,*

;  =  - A , f  i , t u t

'l 

"..rnX



+ 9 = lD s-l

t - o y ' O ' Z f * ^ y =  o . l  ̂  l s

{  o-n

L) =- ztr )

Ls in  ( " . ,+ * l )
. t

=  A  t , n f  =

f t ^ t c o \ (  &  * d )

=- A^ c 's  d

s i n $ =  & _
4

/* t f  =  Io
fta

S :  n d
cot F

xC t )

x (o \

a a

* to\

Z D  n  s - t

Xo

= \,/o

/ = X" q-
vo

f t "  Y o  -
siq 0

r l t  Ir l v  c \ o l c e
I

(o zr)kA!'A

d e €  8 ? 6 0

6 .  I  o  o  o  o O

O . l  u l s

Lo \ fe1{esatkl|*, u/at ur5,



3.5(b)

x (+\ = C O"s dot + D ,,"r ,Jot

k tt\ = - C,^lo sit4 urot * U (*'oi t '

x (o )  =  C =  o .z { rn ,

i [ o )  =  D d o  3  D . t ' . n / r

, l

b = .  Q . t , t r [  s  =  O . l " l 5  -  =  6 . o | l i = 1  , * t

Z r c  l O s ' ld o

X Lt\ = o .z< ,,  t(zo"r 'k + o '6o l51 '*r s;^ (zo rr-s-V



3>
xt t)

= C a:rls do{ + Ds;'t uot

3 4 * t  
d * t r \  =  S i n { c o > F  +  c o s o ( s i n F

A A s;^ (ro0 ,6)

ez A r;ri -=-p

C  =  A  s ; n d  D  -  L * t /

c  = 4 . ,  d
D

Cz*D' = At ( t ;^ '( /  *,  n r '6) = fr '



4J hu^ x l

xL

i ,  i :  u" l " ib

Yz i> snlo,  i {7

r 5

r 9

J;' q lorr^*t

A;, glor.  uent

4 + 4 ,  )

x ( t )  =  @ c t t - f  + D s i n ' ^ s ' t

X ( ' t )  :  - ( u 9 o > i n d o t  + D u c o c s 5 d ; t

i ,

X r =  C c o > d o t  + b s ; n d o t

o(hrn t((e:a{'f,'- )

x (+l  = A 5in f -+*f  \

x Lt\ : A': 6bs [ot- / \

,  r z  .  /  r a
x[ t )  +  xLt \  ] -

G
ft" ,;-'(,^rtt /) -+ A 

t  
" r ' . .& / )

= k '

: A t = t

a"l

n
. ? t e

- t -  ,  \ /

Y  +  , \ .
r \  

\  I
-

(^)u

l " -
I  x ,  u  x z
[ - <

I  i^r '

. 2 .
x r
;*



3.sra)

7 -  J '  . . 2
Y  +  A ,  =  K ;  +  Y a
n | { 

' e -

Q z  
1 S t

t  o  l l  '  . ' .  \
x , '  x ;  =  [ \ x z  X ,  I

^ L( )  =  x a  - X r

* - cl 1

5"lr2kl"l- dL i,t L 'i'ffi+ t/^



t+
K, glo ce
t x e  r b

A^,r'l n r)s = / -g
V y ^

P*.otl. !

Sgr;. *

S pr;n 1 ,t i t t ,
' r (

2qrr ,nQ Prnc€-

o f  
iuo l^ t tf r t"J +l,rot

Fre y-ory

€otc quk J

12 6u;vol o'( 5p{}aq ,l.,rr}I
7 l

0Jo

J - ;

H:=*'1",
*'1,-

( ,  =  ( ,
t

k '  x t  =

/  - r  f  \-  f  = + K z _ \ X r _ X , \

: K,./n. - k.{,

L "\-:t;1,;''-
K.  t x . - x )

F = - [ r r - k - x

k, t k-.

krx" -k-{r



z  1 (v )

/ ' ,  ,  \

k, *k ' \  x\

X, = 9t.
\< r +\<2

\ q  =  k . k =

K f  k -

r . 1  '  
f -  /  k .  t '  \\ - r o -  

, l o  I . - l - - - _ \
V t^/r \ k.+k- )

L

k x .
k . t k . -

= k=r.l = k', k? 
- xz

K rK, 
\<'-Ka



S-ysl*

TLe 1." f,I"&r
bt.t -[rk", o$.

04  =  06 -

F{ = -l\

(.  :  -v^3 +

o.."\o k \.5*U.". ,-f, [ +l^. {E+ >er'r.d
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