
Mechanics Spring 2003 - Homework 11

Due Never - Solution in LibrarY

Problem 11.1 \\brk Forvles Problern 11'2
problem 11.2 The systcnr belorv is composecl of one lnass m and two springs with

Az : 3. The springs have un-stretched lengths 11 : 12 = (.s. The supports to which

d ::f lo a,part. Let r be the dista,rrce the rnass is from the left suppcirt.

(a) \\iriter thc potcntiu,l cnergy function fbr the systern'

(b) l. ' ind the oquil i lrr iurn loczltion of the rnass fioni the potcntial.

(c) \Iatlierrnatica.llv shorv the ecltrilibriurri is stable'

(d) Firrrl the fretluent:v of oscil la.t iorr of t l ic s1'stcrtr '

spring constants ,kr : 2 and

the springs are attached are

snrtr i l  cisci l lat iorr apltroxitnatiott .

the rrormal fiecluencies.

Problern 11.3 Tlre svstc:rrr below hi is two tnitsscs each of nlass'Ir l

kt2 - '2, arrcl kr :  3. Lt l t  t l ie erlui l ibr iurn location of the I l ia 'sses

srrppott, .  Tltc tnasscs clst: i l late irr tr  l ine'

(a) \ \ i i tc thc La,griurgian lor t l t t l  svstenr.

(b) l . i r i r l  t ,he h.t,r lucnc:i<rs 01 thc norrnal rrrocles of the systcrn.

(c) Firrr l  t ,hc cigttrtvct ' tors of l l t t l  txlr tr t i i l  t t tor lcs'

(cl) FIow rrnrst t , lur systcrrr l tc l t t 'c l lared fbr i t  to osci l l t r ' t t l  only with

arid tlrrce springs with sllr irrg cottstants At : 1,

be givert by 11 a,rrcl 1i2, rll€&sllreci frcxn tltc lr:ft

t i re lorver t tornral f ieclrcnt:y' /

spr ing 1 sPr ing 2 sPr ing 3

mass 1 mass 2

Problem 11.4 \lrork
l l r e  ( ( ) sd  t e r l l l  l l l  t l l e

I iorvles Problcrn 11.20. Hirrt:

kinetic energy beconres 1 if d
Find the Lagrarrgian and ttrake

is small. You orily have to firrd
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PROBLE\'1S

Figure 11,6.3 r\  standing sinrrsoi-
<lzrl rl ave.

facts are r lhrstratecl in Fiqrrre 11.6.r1. Note again that there is a u'el i-cief ined constraint
on the vit lLles ol al lou'ablr u avcle rrgt lrs , i .  Sin t  e thc t 'nr lpoints of the str ing are f ixecl,  * 'e
Ir iu'e as lrouri t larv con(l i t i ()ns

q :  0  ( r  :  0 .  L )  (1 i .6 .15)

tliat orir solution (Erlration 11.6.14) rlrust obe\,. The first conditioli at.r : 0 is rnet auto-
niaticallr'. The second b,rrrrrclitlr conditi()rr at r : L is niet if

' : '(i)
An integral Itiunber ol liall'u'avelengtlis must fit wittrin the length L if the endpoints are
to be rrocles. Iliis is preciselv the conclition obt:lined prer.iouslv for tlie nornial ulodes of
the loarlt:d string.

PROBLEMS

I I.I A partic le ol rnrtss r/1 rrloves in one-diurensional rnotion urth the follou'ing potential
energr ' I t r r r t . t ions :

A t. :(a )  \ ' i ' r - t  :  - r r  r  -

(b) \ ' t r .)  = n.o " '  

. t

(c )  \ ' l ' t )  :  A t ' r ' r  -  b : r : )

u'here irll crortstauts are real Lurd positive. F'ind the equilibriunt positions for each
ctrsc and detcrrnine their- stirbrlitr:

(d) Firld tl-re angular frerluerro'ar {br snrall oscrllations about tlie respective positlons
ofstable equilitrriunr fbr parts (a), (b), and (c). and ffncl the period in seconds for
each case if nr : I g, and ft and b are each of unit value in cgs ulits.

LL,2 A particle rnoves in hvo dir-nensions under the potential energy function

\ ' ( . t ,  ry )  :  f t1 , r :  +  17 :  -  2h  -  1by)

rvhere k is a positive constant, Shou'that tht're is olle position of equilibrlurn. Is it
stable or Lutstable?

tl .3 Tl ie potential energv function o1'rr part icle ofnrass rn in one-dtnrensional nrot ion is
Even br

t.

, -
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i : - (  I  1 .6 .16)
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I 1 ) : . t 0 p a r r ( a t . )

\ \ .here t l)e constant a = \Nn.
ll'4 A light elastic cord of length 2/ and stiffness & is held with the ends fi-xed a distance 2/apart in a horizontar position. A brock of rnass rn is then ,rrp"rrdJ f.om the midpoiniof the cord' shorv that the potenti'r energ' of the r"rt"r; i;b;";t : th" 

""pr"rriuu
\ ' 1 y )  :  2 k l y z  -  2 l ( 1 1 2  +  l 2 ) r / 2 )  _  n g y

$'liere y is the vertical sag of the center of the cord. Frorn this shorv that the equilib-rrurn position is given bl. a root of the equauon

t ra  -  2a t t3  +  o r r r ,  -  2a t t  *  a2  :  0

rvhere u = y/I and a = mg/lkl.
r l '5 A unifornl c.bic:r l  l . r lock of nrirss r)/  an(l  sicles 2a is balancecl on top ol a rough sphereof radi.s l., Slio*' that t'e potential enerqr'firnction can be 

"rp."rr",l 
,,,

V id ]  =  n rg i :a  +  b i  cos  d  +  t tT  s tn  0 l

r i 'here d is the algle olt i l t .  Front this, slrou,that the eclui l ibr ium at d = 0 is stable. orunstable,-depending on u4rether a is less than or greater than b, respecti'e1.,..
I l'6 

lxpa1d 
the potentlal energ' f'nction of probrerrir r ; 

", 
, fo*". #.,"r-," b. e^,",this deternrinc. the stabilitv for the case a : b.

lr '7 A sol id hornogeneotrs l ,eni isphere of radius .z rests on top of a rough henispherical
cap of radius ,, the cun'ed faces being in contact. showihat the eluillbrlum is stableifa is less than 3bi5.

ll'8 Determine the frequencl of r.'ertical oscillations about the equilibrium posrtion rrlProblem l1.4.

l1 ?^ 
Deternrine the period of osci l lat ion of the block in probleur 11.5.

l1 19 
Deterrnine t 'e period of osci lrat ion of the hernisphere in pr.blenr 1r.7ll'11 '{' snrall steel ball rolls back and forth about its erluilibriuru posltion ln a roug6 sphrn-cal bou'I .  sho*' that theperiod of osci l lat ion is 2; i7(, -  

"r i ;*1r,t  
,r l ,ere a rs th" .r-dius of the ball ancl r.r is the radius orthe borvl. Findthe perirJ 

"" 
r""",ra, i{.0 : 1 'ra n d a : 1 c n r .

r I ' 12 For an orbiting satellite in the fornr of a thin rod. shou' that the stable equilibriunr at-titude and period of oscilrati.n are the sanre as those Ib,,,,,1 i,' E;;,;iL t t.2., to,. ,t"d r r r r rb l , . l i  s r r te l l i te .
r l '13 Irr the s'stenr o{ 'hi 'o identica-l  coupled osci l lators sho*r in Figure l l .3. l .  one.sr.r l la-

tor is startc'd \ \ ' i th ini t ial  anpl i t . ,deAo, $'hereas the other is at rest at i ts erlui irbnurrr
position, so that the initial cor.rditions ar.e

Chapter ll DYNAN,IICS OF OSCILL.{TI\c SYSTE\tS

and so the force is of the antrrestoring trpe

F(r) = k.t

riith 
.r 

: 0_as a position of unstable equilibrium ri,rren k is a positir.e constant, Ir.theinitial conditions are I : 0. r : ..,,. 
"ni 

i = 0, shorv that th"'"nrul,rg ,riCI,;;'', o,.,bv an erponential "runarvarr' 5 rrrvLrurr r) '

f  = 0  r , l 0 )  : A o  . r r ( 0 )  : 0 r ' r ( 0 )  :  i - 2 ( 0 )  : 0

,t*:::l:::.:T :']pltl'd" 
of the sr.mmetric component is equal to the amplitucte ofr'e anils\llrnletric couroonent in this case and that the conlplete solution can be er_pressed as follorvs:

I  l . I

l l  !
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48lPROBLE\TS

r r ( t )  :  1 . * o ' , , , ,  @ , , 1  1 '  c o s  a t J \  :  A o  c o s  d l  c o s  A t
z

.r 'r(1) :  ]O,,, , 'o, &J,,f  -- cos a!,t \  :  A,, sin ral sir l  Al

ir-r u,hich o : \ t  t , ,  * a-t 1) 1 2artd . i  : '  @ t, 
-  o ori2. Thrrs. i f  the coupling is verr- rveak

so that K' ( K, then r,r * i l l  be \erl  nearh'equir l  to o,.  -- tK/nl)r '2'  and A is verv

small. (lonsequentir', undel the stated initial conditions. the first oscillator will even-

tually come to rest ri'hile the second oscillator oscillates w'ith amplitude Ao. Later, the

systelt $,ill return to the initial condition, and so on. Thrrs, the energv Passes back and

forth betq'een the hvo oscillators indefinitelr '

I l,l4 hr l,roblerrr t I. l3 shori, that. for u,eak couplir-rg. the period at u'hich the energ,'' trades

back arrd lbrth is :rpprorimatelv ec|ral to T,,lK/2K') u4rere 7,, : 2n ia,' -- 2r/int/l()t'z

is t l re neriocl ol the su.nuretr ic osci l lat ion.

I l. l5 Tri'o iclentical siurple pendulu nrs are coupled together bv a r,ert u'eak lbrce of attrac-

tion that viiries asilre inverse s(luare oftlie distance betrveetr the hvo prrrticles. (This

fcrrce might be the gravitational attraction behveen the hvo particles. for instance.)

Shou'that, for srnall departrrres fronr il.re equilibriun configuratiorl, the Lagrangiarr

can be reduced to the same mathernatical form, with appropriate constants. as that of

the hvo identical coupled osci l lators treated in Section l  l .3 and in Problem I 1.13

rH i r t t :  Cons idar  Equat ion  11 .3 .9 .  )
l l . l6 F irrd the norrntr l  I ' r 'eclrerrcies of the coupled l turnolr ic osci l lator svstenl lsee Fig-

ru.e I1. i l . l  I  fbr the qerreral case in r i l t ich the trro part icles have uneqLral mass and t l ie

springs hirve clil'lererit stiffiess. In particular. find the frerluencies fbr the case rn, =

rn. rrr,  :  2nr. Kr - (  ( :  :  2K. K' :  2K. Express the lestr l t  in terrr. ts of the quanti tv

@ o :  ( K i ' r l i  l l l

Il l7 .{. lisht elasti(r sprinq oi stifiress K is clarnped at its upper end and suPPorts a particle

of rnass ni irt its lori er encl. A sec,ond sprinq of stiffness K rs fastened to the particle and,

rn turn. srrpports apart icle of urass lrr i  at i ts lower end. Find the normal frequencies

of the svsteur for vertical oscillations about the equilibliuni confis.rration. Find also

the norrrr:r i  coorcl inates.
It . l8 Consrder the c,ase of a clorrbie penchrlunr, Figure i  l . l l .7a, in rvhich the t\ \ 'o sectiot ls

are of cliffererrt length, the uppcr ore b€ring of length 1r and tlie lo*'er of len$h /" .

Both particles are of equal nlass rl1. Find tlie normal liequencies of the svsterll arld

the norrnal coordinates.
11.19 Set up t l te secular equation for the case of three coupled part icles in a l inear arrav and

shorv tltat the norutal frequeticies irre the sarne as those given ltr-Equation 1i.5.17.

1L2O A sintple penclulurri of rnass rn and length a is attached to a block of mass lff that is

constrainecl to slide along a frictionless, horizontal track as showrr in Figure P11.20.

Find the norrnal frettuencies and tronrral r t todes of osci l lat ion.

Figure P11.20
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ll.2l Three beads of mass nr. m, and 2nr are constr:uned to slide along a frlctionless. circular

hoop, The hvo sntall masses are each connected to the large mass and also to each

other br. splin.'qs of lerrgth rz ancl folce constants k and k ', respectivcir. The m asses are

shorur in Figure PlI.2l at t l ieir  equi l ibr iuur posit ions. r i l t ic l t  are located at 120" an-

gr-rlar separatiorrs, The largest urass is iriitialh'displacecl I0o clochnse from its equllib-

rium position, and the other hlo are Leld ffxerl in place. The three masses are therr

sirnultaneoush' released from rest.

Figure Pl l .zf k '

(a) Fint l  the normal frerlLrerrcies antl  r torrt ,al rnotles of osci l lat ion.

(b) Solre for the resrr l t ing tt tot i t . l t  of eac' l t  r trass

L1.22 Find the rnatri-\ A that diagonahzes tlie K and N{ rnatr iccs in tlie case ot tlte lirtear

tr iatoui ic rnolecule of Exarlple I  L4. L Shou' t l rat the rat io of thcir t l iagonal eletnetrts

is equal kr the eigenfrequencies r>f the r lontlal rr locles of osci l lat iorr '

L1.23 A tr iatomic molecule l ike ln'clrogcn srr l f ide (FI 'S) consists ol trvo l l t l rogetr atottts of

mass lr1 and one sulfur atorn of nrass J.f corrstrainetl lx atonric ltonding forces to irssuttie

the triangular configuration slrornr iu Figure Pl 1.23. Assunte that the bondirlg fbrct's

can be approxintated bt'springs u4rose force constant is lt. \\'hcn the threc atottts art'

in their equilibrium configuration, the FIS distance is a : L67 x l0 r0 rn anrl the

H - S - H ,,,ertex angle is approxinratch 2a : 90". Find the Itorntal fretNertcies and

lorrlal niodes ofoscillation. Assume that the ltvdrogen atottts do not interact directh

u.ith each other.

Fisure Pl l .23

1L.24 Trvo waves are trar,el ing t l l lorrqh a ,rediuur. Assurne that t l re displacernents fronr et lur-

l ibr iunt of partrcles that nrake trp t l ie rncdiLrnt are given bl thc i l r lct ior ls

q r ( , \ '  t )  :  A e i ' " ' t  k \

q 2 ( 1 ' '  f )  :  A c ' 1 ( ) r - ( r

rvhose real Part rePresents the phvsical rvai'e
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. frictionless. c ::rr:js

: rnd also to eacl :
'lr'. TIre nriuses i-=
rx 'ater l  at  l l ( i '  i : -
ise f l -onr i ts  er ; : : : ; : '
'  n lassrs are t i i t  :

. .e o i  t i r r  i i ; re* .

rlieg,-,rr,iJ elrr I rrir:i

rdrrqen atolns oi
:ng forces t{t:L\sijli

-iie krnding icn'-

r  t l l r r*  J t r r r ; ;s  a: . r
' '  r J i  a r , r l  t l , . -
j  l r e r l i r e r r c i e :  L r :
{:{ |itentct drrrtl:.
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(a)  Si tou' t l ia t  er tch 01' thesc' f i rnctror ts a le sohrt ions ol the \ \ 'ave equi l t iorr .

(b) lssunrt that the frecpcncies all(l \\,irle rnunbe rs cliff'er bt stnall :rtliottnts

O - a * l r o  , \ - A + l A '

l g r r r r r i r r g  s r r r i L l l  c l i l l i ' r ' e r i c , es  o l  s cco r r c l  o r t k ' r .  s l r , ; r .  t l r a t  t l r c  r e i r l  p : i r t  o1 ' t l r t ' r t : su l -

t : n r t  \ \ ' a \ ( '  i l r r r c t i o r r  i s  q i r c r r . i 1 )p fo \ i l l r a t ( ' h  l ) \ '

I r ! o r t  -  ' . \ A ' ' r l
P i r ,  1 ,  :  

l t  i  t t  t :  2  c o s l  
:  _ l  

c o s  o t  -  k r )

'I'he 
resLrltant s'rl'e has the sarne fi'erlLrencv iurd \\'rrve nrrnrlrer as tire origirtal s'irve.

lrLrt i t  l ras a ruochrlaterl  anrl) l i t l r( le (the r i-ave rt t t tr t l rer A : 2r, 'A .

(c) ( lalc'rr late the slteed of propagation ol the anrpl i tude. uiodulat ion rt l t is speed is
c , r l le r l  t l re  g r , , r , i r  spe , , t l  r ,  o l  t l re  uare) .

I1.25 I l l rrstratc t l t t  norrnal rrrt . i<les { irr  t l ic ci tst 'o{ '{bur part ic ' les i tr  i t  l i r teirr rrrrar ' .  Fincl the
rnrrr ier ic 'r l  lahres of ' the rat ios of t l ie scc'olxl .  third. trncl l i l rr th normal lr t ' r l t teucies to

the louest or f i rst rrorrrral i rrr lrencr' .
I  L26 .{ l iglr t  el:Lst ic c'r inl  oi 'uatulr i l  length 1 anrl  st i{ l iess K is stretched t iut to t t  leneth 1 *

l1 antl  kraclccl uit l r  i i  nrulbe l  rr ol parl icles e\enh space(l alonq i ts length. I f  rr i  is the

totrr l  rrrass ol el l  rr  yrart icles. f i rrcl  t l r t 'spee(1 oftr iursrt ' rsr:  rutcl of ' lor iqitrrcl ini i l  uaves ir t

t l r c  cor r l .
l l .2 i  \ \ i r rk  l ' ro l rk , r r r  I  M i  l i r r  t l re  cusc  i r r  u l r i c l r .  r rs teec l  o i 'be ing  loa t le r l .  t l r t ' c 'o rc l  i s  hean

$ i t l t  h r i r ' ; i r  i l t i r ss  ( l ( ' i l s i t \  p .

COMPUTER PROBLEMS

Cl I l . l  ( .orrsir i t ' r 'a sirrglt 'pulsc travcl ing clolrr iut in{ initelv lorrg str ing. Assuttt t  that at t  = 0.
t lrc,slrapr: ol t l re pulst, .  or t l re vcrt ical r l isplac'enient ol thc str ing. is

I
r i t - l _ \ j l

. \nalogous to t l ie r l isc.ussiorr ol ' l iorrr ier series in Section l l . i .  this pulse'r 'an be thought
o f r rs i rsuperpos i t iono fharn ion ics 'avesofc l i { } 'e r ingserenunr l le rsk  The in f in i tesunr
of Section 3. i .  hou'ever. that approximates a repeti t ive function neecls to be replaced
lrere bv ru integrrrl i)\'er an infinite nurnber of hiu'rnouic u aves. eaclt one rr'eiqhted bv
an approPriate anrpl i trrcle f irnc't ion. that is.

. 3 r

(a) CalcLri :r te diA usnlq Equatiorr;).

(b) Substi tute a r A I into Ergirt ion 2 ancl shos' that ' i t  t ields y i ,r  I ,

t -
V ' . '  =  

J , ,  
a r &  c o s  k l  r / A  , 2 1

\ \ 'e  Lrse cosi l ic  l r ructrons s i r rce l / i r  is  an t ' r t  n f i rnci ror i  of  r .  Thc i rmir l i tude lunct ion

.l i A'l is g1\1'n llY

)  i .
a k : :  i  t l , r ,  . o s i ^ . r r  r / l
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