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248 Chapter 6 CRA\:iTATION AND CE\TRAL

: PROBLEMS

Find the graritational attraction behveen t\vo solicl lea.l spheres ot I kg ntass each if

spheres aie almost in contact. Express the ansrver as a fractiott of the s'e ight of eithe:

sphere. LThe densitv of lead is I  1.35 g/crn I

Siou'that the graritational force on a test particle inside a thin unifornl spherical

rs zero

(") Bv finding the force directh'

(b) By shou'ing that the grav'itational potential is coustattt

Assuming Earth to be a uniform solid sphere. shorv that if a straight hole u'ere drilkd

from pole to pole, a particle dropped into the hole u'ould execute sintple harmunic {

tion. ihow alio that the period of this oscillatit-,n clepencis onlv oti the densitv of

and is independent of the size. \\rhat is the period in hours? \.R,n,tt, = 6.'1 X l0b m.

Sliow that fhe rnotion is simple hartlonic s'ith the same period irs the prerious prob-

lem {br a particle sliding in a straiqht, snrooth trrbe passirrg obliquelr thrrtuqh Earth

IIgnore arnv ef'fects of rotation.I

. \ssuming a crrcular orbit .  shou-that Keplers thircl  lau'fol loss cl irect lv irotrt  \er i lcrrg

second larn and his las of grari tr ' :  C)lnt r-:  t t t l  l / t '

(a) Shou' that the radius for a crrcular orbit of a srrtchron otts r.2-1-h I E artlr satellite r^

about 7 Earth radii.

(b) The distance to the Moon is about 60 Earth ratlii. Fronr this calcrrlate the lenet'r

of the month (period of the Moons orbital revolutionl.

about Earth. Not onlv does the perihelion of a satellitet orbit advance. but the plane

the orbit precesses if the satellite is not in Earths equatorial plane. Detailed anah'sis

these orbits shovvs that Earth is basicallr"'pear-shaped and sottles'hat lumpr'"

\ l '

]a

6.8

6.9

\  6.4

\

r 6.5
l

6.6

6.7 Shorv that the orbital period for an Earth satellite in a circular orbit jLrst above Earti

surface is the same as the period of oscillation of the particle dropped into a hole

throush Earth (see Problem 6.3).
Calculate Earth's velocitv of approach tou'ard the Sun, *4ren Eartlr in its orbit is dt r

extremum of the latus rectun througir the Sun. Take tlie eccentricitv of Earth s orbft{

be l /60 and i ts semimajor axis to be-SS.OOO.OOO ttr i l t 's 'sce Figrrrc 6 5.1 ' .

If the solar svstern were embedded in a unif<rrm dust cloucl of densitv p. shotv thar fr

la*'offorce on a planet a distance r from the center ofthe Sun u'ould be giverl br'

G) l t r t  /+ \
I ' ( r t  = - , . .  - \ 3 / o e ' , , c ; '

6.lO . A particle mor.irrg in ar central field describes the spiral orbit r : t',,cat'. Shori tliai dar
' 

force las'is invet'se cube artd that d varies logalithmicalh sith /

6.ll A particle nroles in an inverse-cube field offorce. Shou'that. in ircidition to the erptl

Dential spiral orbit of Problem 6.10, t$'o other trpcs of orlrit are possible antl give

eouations.
6.12 The orbit of a particle rnoring in a central field is a circle pirssing through the ongiE,

narnelv r : r0 cos 9. Shorv that the lbrce las' is inverse - filih pos er.
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6'rq A particle moves in a spiral orbit given b.,' r = a0.If d increases li'earl'*.ith f. is the'- lorce a central field? Ifnot, deter"nine hou'd nrust ,"r, *iit, t tr.'" i""t."r io."..6' l4 A particle of unit niass is projected *'ith a velocit' u,, at right angles to the raclius r.ectorat a distance a lrom the c,iigin of a center of attractii,e force, eirj"n br'

f  t r )  :  -k f4  .  { )
\ r "  r "  /

l l  t i :  9 k / 2 u 2 .

(a) Find the polar equation ofthe resultins orbit.
(b) Hn\r' long cioes.i.t take the particre to travel thror.rgh an angle 3a./2? \\'here is t;e

particle at that time?
(c) What is the velocitv of the particle at that tine?

ar5 (a) In Example 6.5.4, find the fractionar change iu trre apogee 6r,, /r, as a f'nctio'
ol a srnall' fractional change in the ratio ofboost rpe"d to i."rr". o.bit ,p"",i.61tr,  / t , .) /( to / t , .) .

h.:,'a:,rh'

iae: :!,

,_'; -:!jI: 
@

:r €F*

(b )  I f thespeedra t io is rTc to .g rea t ,bvhou,muchrvourd thespacecrar t r r i ss tSe\ Ioon?

fThis problern illustrates t]re extreme accurac'v needed to achie'e a circ,nrl,.ar orbit.lconrpute the-period of Hallevs comet from ih" ,rnt* gi'en i' Section 6.5. Find arso thecomet s speed at perihelion and aphelion.
'{ conet is first seen at a distance of r/ astronomical units from the Sun anrl it is travel-inq\i th a speed of g t irnes the Earth's speecl. shori, that the orbit  of t l ie conret rs hr-perbolic, parabolic. or elliptic, depencling ,,n .rl,"th". the quantitr,g:a i, g."",... ,f,111,.equtrl to. or less than 2, respectivelv
A particle r.r-r'"es i' an ellipic orbitln an in'erse-square fcrrce fferd. pro'e that the prod-rrct of the miniurunr and ma:rimunr speecls is 

"qrrui 
,o l2tra/r)2,*,here n is the serni_nrajor ar<rs and r is the periodic time.

-Lt a certarn point in its elliptical orbit about the sun, a planet receives a small ta'qentialirnpulse so that its velocitv changes from u tn 
" 

i o, pira the resurtant smalr cha'gesin c. the serli-ntajor axis.
(a) Pro'e that the time average of the potential energv of a planet in a, ellipticar orbitalrout the Sun is -ftlc.

(b) Calculate the time average of the hnetic energi. ol.the planet.
'{ satellite is placed into a low-lving orbit bv launching it *,ith a hvo-stage rocket fror'
!:T,!1n"'=ral 

i1t! speed uo i,.cli.,ed from the "ertiiar br, 
"n "l"nl"t-i-oi ""gi"'r" o.'reaching apogee of the initia],orbrt, the seco'd stage is ignited, g"n".uu,rg irl"io"rt,.krcst lu, that places the pavload into a circular o.?1, ,."" Figure p6.21).

ia) calculate the addiaonar speed boost Ac, required orthe second stage to make thefina.l orbit circular.

tbi 6'1"tt1"'" the altrtude I ofthe finnl orbit. Ignore air resistance ancl the rotatio.ralmotron of the Earth. The mxs anci ."diu if thu- Earth are ft1; : ; 9E x l0:{ kgand R, : 6.1 x 103 km, respectivelr,: Let cu = 6 km/s ,na 4 : f-0..
a!! 

:l''d 
the apsidal anqle for nearl'circular orbits in a central field for *,hich the laii.of!]rcxr is

-  - t  -
f  t  

(  - '

I r = -f --:-

:r ltrEg*.



250 Chapter 6 (;R-\\ ' ITATIO\ \ \D CE\TRAL FORCES

Figure P6.21 Tu'o-stage launch t<-r plircc sat-

eilite in a circultrr orbit.

6.23 It  the solar svstettt  $'er€'et lrbcdclet l  i t r  a rrni iortn t lust clou<l isc'c I ' roblern 6 !J) $'hat

r, ,or, lcl  the apsicial arrgle o{ a planet be {fr^rnotion in a ttearlY t ' i rc ' t t l iu orl) i t '  This s' ts

onc. su&qestL.. i  
" ,  "  1i, ,r . ibl" 'er1. l , trr ,r t i , ,r ,  f ' , r ' t l ie acharlce oi ' t l re P.r ihel iotr of \ lcrctrn

6.24 sno.r,th'ai the stabi l i ' t '  conrl i t iorr f i ,r :r  circulrrr orbit  ot rarl i rrs rt  is eclrr ir-aletrt  trr  t l t t :  ( tr tr-

dit ion that t l )L,/rtr .  > 0lbr r = rr.  $'hcrr [  1| ' r  is t l r t :  c ' t ] i 'ct i \1: Poterrt i :r l  r lc ' f i r le<l tn Set-

t ion  6 . I1  .

6.25 Fincl the corrcl i t ion for r ihich circtr lar clrbits are stalr le i1' t l rc '  l i l rce t i t t tct iorr is o1't l r t ' f i rrrc

:i:
k e- F  - ;

6.26 (u)  Sho$.t l ia t  a c i rcnlar  or l r i t  o l  racl ius r  is  sta l r le in l ' r 'oblenr 6 22 i1 ' r  is  lcss tharr  1r

(b) Slttllr'that circular orllits irre urlstrrllle itt :rtr ittlr,rse.crrlle filrct, fie]d'

6.27 A cornet  is  going rn a parabol ic  orbi t  lv iug rr r  t l re p larre o{  F 'ar t l r 's  orbi t  l legarc l inq Earth i

orbi t  as c i rcrr lar  , ,1 r  o, i i , , ,  t i .  s l tos '  t l , , r t  t l t .  points-  s l lere t l le  cot t re t  intersects l iar t l r 's

orbit ilre given br'

c ' s  f J  :  - t  + ? L

l r l r e rep i s thepe r i l r e l i c r r rd i s t l i r t c t ' o l ' t l l ec t l r r l e t t l e f i l r eda td :0 .
6.2g Use the res, , l t  i , l  Prol t l t :nt  6,27 to shor i ' t l r : r t  the t i r r le t r l tenrLl  that  the cr)r r l t ' t  l t ' r r r r t l l l \

ins ic le Earth s orbi t  is  the f  ractrot t

+(+-,) ( '-:) '
Of i r  I ,ear ancl  that  the nt :Lr i rntut t  Value of  t l l is  t inrc t l t te r | i i l  is  2/ : ) r  !ear '  or  7 i  5 t lar :

; ; ; ;6. ; i lg  ut  1t  
:  at2.  Co.pute thc t iure iuter 'a l  for  I Ia l ler .s ( i . r ret  1r  

:  0 6r i
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6,29 I l  arh.ancecl t t ,r tor ,,,iss,,, ,,, ,r,",::liii:lnlililil:i;,ll;lH:,il1i:lT,i,#:1ii:l:"j,,;-,:,11,,,,i.:T,"

\\'llere r relers to distances in the errluatorial plane, A : GlI2r as before, and e :2/5li lR In *'lticlt R is,the er1uato.1"f.".i"r'^,,a.\.R i.s trie difrbrence behi.een theccl,atorial and p.rar .odi i .  F., , , ,r  tr ,rr.  n,, . i t i ,"  apsidar anqre t.  
" 

,r ,"1, i" ,roring in
il"I,i;ili::lr 

or'it irr tt," 
",yrnio.i,Jui,," "f 

.f," Earth. ri4rer.e R : 4000 mites ancl
6'30 

:L:::ullt 
to thespcciar,trreor' of relatii.itr,, a particle nr'ring in a centrar fiercl *'thpotetttial e'ergr"[.1r) ri'ill describe the .,a,,ie orbit that a particle w,ith a potential e'ergr

i: :illi ::::l* ,];::''.u'"* 
to rrc';rrrer.ti'istic nrecrra,,i.s Here L- is trrc. tot.r e,,erq\. r,,0

a 'g le1br , , , . , , , , , , ' , , , ] ' i ' l ' .1 ] l l : ] "  " " " r ' is the spe.et l . f l ;g l r t -F; ' ; ' ' l ' t ; . ; ; . l theapsidai

6'31 t '"" 't ' t t '  ' i . ,,";.1;] ' i l l . ' i l ' : '-,"-sqrrtrre 
lbrct' f ic' ld' \ '17-i : -(.71-

recti,,r,,,r,,,.,,",,,,.ii:l'::1,;I;I:THT:ff,:i[.:fi.;i,,'Ji,iii",,i:,::Ti,:IiilJX,,,
t t t : i i<-rr a-r is, l ' t l re e l l l r t i t ' , l  rrrbif  . i  the ,. . ,r ,r" i  , , ,"1", an argle d *. i th t lre irr i t ial  r .acl iusvt ctor ol t l tc c,ontet given lrv

d  :  c o t - , ( t " , ,  O
2 \- V n c s c 2 6 )

c  6 .1

r r ' f  1g1s y :  r ' l r ' ,  
" t l  

R :  r ' / r t , , iu 'e c l i l rcrs i .nress rat ios as def i .ed i r r  Exiu ip le 6.10.  l ..\pplr the result to the nrrrne.rical ,,,rf ,,", ,,i er",r4r[ O. rU ,

COMPUTER PROBLE}IS

In ExanrPle [ i .7.2 u.t,  caL
rirs,)t ,ratt f  r( ,r , , , , ,rr  - t ,  

" l ] ] , i t l . t l , thegrari tat ionalpoterrt ial  
at a poir. t t  P external t ,  a

f . . l r . r r /  >A l r . r r r  j t s . , , , , , , t t t t t t r i i c l i r rs l l  
P*as i l t thes .n iep lo r r . .u th" . i ' gu , rJnd l r -

tr," ..,,t..',,rit;;';;,-;li:',1,ril.',',i'.|';],.iliillthe point F is at a,li.,to',"i ,l r n r.on,
' ' '  

, l '* l l l  i ] ' i l t  
t l r t  qrari tat iorral 

Pote'tral *, ,n* o, the poi,t  r  cl .e to t l ie r i 'g of.r 'ass

, b  =  - C - \ l l ,  r -
l , _ - l ^ , -

- i \ j  .  :1" l , .  
' ,1 i1*, ; '1;1 = r{16 .  i i l  : r rr  .R.= radiusof Jupiters 'rbi t  =

= fi:"l=* tr'ffi ;' g[ nH;";;;ti**x
d ;;; .;:.fi *ffiffi 

eqr'al tr.r':ot * "t''ry*.' ; ;;,=
-- :str*
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