Homework G

Due Wedneday 3/5/2003 at beginning of class

Fowles Problems

Bonus Problem B.1 What arc Imperius, Cruciatus, and Avada Kedavra?
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Chapter 6 GRAVITATION AND CENTRAL FORCH

about Earth. Not onlv does the perihelion of a satellite’s orbit advance. but the plane o &3 A partick
the orbit precesses if the satellite is not in Earth’s equatorial plane. Detailed analvsis o orcracx
these orbits shows that Earth is basicallv “pear-shaped and somewhat lumpy.” &3I4  partch

= 3 dista
PROBLEMS

i =35
Find the gravitational attraction between two solid lead spheres of 1 kg mass each if 2 Fim
spheres are almost in contact. Express the answer as a fraction of the weight of either b Ho
sphere. (The density of lead is 11.35 g/em?®.) 3;1{,
Show that the gravitational force on a test particle inside a thin uniform spherical she £
. ¢ Wh
is zero
(a) By finding the force directly RIS a ks F—‘

CE & ST
(b) By showing that the gravitational potential is constant . . -
Assuming Earth to be a uniform solid sphere, show that if a straight hole were drilled B et
from pole to pole, a particle dropped into the hole would execute simple harmonic =z —
tion. Show also that the period of this oscillation depends onlyv on the density of Earg =T
and is independent of the size. What is the period in hours? (R,,;, = 6.4 X 10 m. P
Show that the motion is simple harmonic with the same period as the previous prob- SIS

kLTI

lem for a particle sliding in a straight, smooth tube passing obliquely through Earth.

iIgnore any effects of rotation.}

Assuming a circular orbit, show that Keplers third law follows directly from Newtosms

second law and his law of gravity: GMm/r® = mc?/r

(a) Show that the radius for a circular orbit of a synchronous (24-h! Earth satellite =
about 7 Earth radii.

(b) The distance to the Moon is about 60 Earth radii. From this calculate the lengts
of the month (period of the Moon’s orbital revolution).

Show that the orbital period for an Earth satellite in a circular orbit just above Eartei

surface is the same as the period of oscillation of the particle dropped into a hole dril & e
through Earth (see Problem 6.3). e T
Calculate Earth’s velocity of approach toward the Sun, when Earth in its orbit is at am B &
extremum of the latus rectum through the Sun. Take the eccentricity of Earth's orb s suoeds
be 1/60 and its semimajor axis to be 93,000,000 miles (see Figure 6.5.1). e
If the solar svstem were embedded in a uniform dust cloud of densitv p, show that ¢ i
Jaw of force on a planet a distance r from the center of the Sun would be given by N
. GMm 4 . & Ca
F(r) = - FERE O mpmGr Im
B s
A particle moving in a central field describes the spiral orbit r = r,e*?. Show that e -
force law is inverse cube and that 6 varies logarithmically with ¢. .
A particle moves in an inverse-cube field of force. Show that. in addition to the expe-
nential spiral orbit of Problem 6.10, two other types of orbit are possible and give ta B2 oo
o %

equations.
The orbit of a particle moving in a central field is a circle passing through the origac
namely r = ry cos 6. Show that the force law is inverse-fifth power.

3r‘
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= e

e

__..u
e
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6.13 A particle movesin a spiral orbit given by r

force a central fiel

Ifv3 = 9k/242,

(a) Find the polar equation of the resulting orbit.
(b) How long does it take the particle to travel through an

particle at that time?

(¢) Whatis the velocity of the particle at that time?

ab. If § increases linearly with ¢, is the
d? If not, determine how 6 must vary with ¢ for a central force.
A particle of unit mass is projected with a velocitv ¢,

at right angles to the radius vector
at a distance a from the origin of a center of attractiv:

e force, given by

angle 377/2? Where is the

(a) In Example 6.5.4, find the fractional change in the apogee &r, /r| as a function

of a small, fractional change in the ratio of boost speed to ¢

Seg/t Mg/, ).

(b) Ifthe speed ratio is 1% too great, by how

A particle moves in an elli

ircular orbit speed,

much would the spacecraft miss the Moon?
[This problem illustrates the extreme accuracy
Compute the period of Hallev's Comet from th
comet’s speed at perihelion and aphelion.

A comet is first seen at a distance of ¢ astronomical units from the
ing with a speed of g times the Earth’s speed. Show
perbolic, parabolic. or elliptic, depending on whether t
equal to, or less than 2, respectively.

needed to achieve a circumlunar orbit.]
e data given in Section 6.5. Find also the

Sun and it is travel-

that the orbit of the comet is hyv-
he quantitv g 2d is greater than,

ptic orbit in an inverse-square force field. Prove that the prod-

uct of the minimum and maximum speeds is equal to (2ma/7T)2, where q is the semi-

major axis and 7 is the periodic time.
At a certain point in its elliptical orbit about the Sun, a

planet receives a small tangential

impulse so that its velocity changes from ¢ to v + &¢. Find the resultant small changes

in a. the semi-major axis.
(a) Prove that the time avera
about the Sun is —k/g.

(b) Calculate the time average of the kinetic energy of the planet.

A satellite is placed into a low-

Cape Canaveral with speed Ug

ge of the potential energy of a planet in an elliptical orbit

lying orbit by launching it with a two-stage rocket from
inclined from the vertical by an elevation angle §,. On

reaching apogee of the initial orbit, the second stage is ignited, generating a velocity
boost At that places the pavload into a circular orbit (see Figure P6.21).

(a) Calculate the additional s
final orbit circular.

tbt Calculate the altitude h of the final orbit. I
motion of the Earth. The mass and radiu
and Ry = 6.4 X 103 km, respectivelv. Le

peed boost Av, required of the second stage to make the

gnore air resistance and the rotational
s of the Earth are M, = 5.98 x 1024 kg
tt, = 6 km/sand 6, = 30°,

Find the apsidal angle for nearly circular orbits in a central field for which the law of

foree is
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Figure P6.21 Two-stage launch to place sat-
ellite in a circular orbit.

Chapter 6 GRAVITATION AND CENTRAL FORCES

U+AL

If the solar svstem were embedded in a uniformn dust cloud (see Problem 6.91. what
would the apsidal angle of a planet be for motion in a nearly circular orbit? This was
once suggested as a possible explanation for the advance of the perihelion of Mercury
Show that the stability condition for a circular orbit of radius a is equivalent to the con-
dition that d2U/dr? > 0 for r = a. where Utris the cffective potential defined in Sec-
tion 6.11.

Find the condition for whic

h cireular orbits are stable if the force function is of the torm

fin=—-—=-7

(a) Show that a circular orbit of radius r is stable in Problem 6.22 it r is less than b~
(b) Show that circular orbits are unstable in an inverse-cube force field.

a parabolic orbit lving in the plane of Earth's orbit. Regarding Earths

A comet is going in
adius a. show that the points where the comet intersects Farth's

orbit as circular of r
orbit are given b}'
2p

cos 0 = —1 + —
a

where p is the perihelion distance of the comet defined at 8 = 0.
Use the result of Problem 6.27 to show that the time interval that the comet remains

inside Earth's orbit is the fraction

1249 b2
) (-
3mr\« a

of a vear and that the maximuni value of this time interval is 2/37 vear. or 775 davs
time interval for Hallevs Comet - p = 0.6a

corresponding to p = /2. Compute the
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In advanced texts on potential the

orv. it is shown that the potential energy of a particle
of mass m in t}

1e gravitational field of an oblate spheroid, like Earth, is approximately

where r refers to distances in the equatorial plane, k = G3m as before, and € =
2/5R AR. in which R is the equatorial radius and AR is the difference between the
equatorial and polar radii. Fropy this. find the apsidal angle for a satellite moving in
anearly circular orbit iy the equatorial plane of the Earth. where R = 4000 miles and
AR = 13 miles,

According to the special theory ofrelati\'it); a particle moving in a central field with
potential energy V(1) will describe the same orbit that a particle with a potential energy

B [E - Vir]?
Vir) — D
2mye?
would describe according to nonrel

ativistic mechanics. Here E is the total energy, m,
is the rest mass of the particle,

and ¢ is the speed of light. From this, find the apsidal
square torce field, Viri = Ly

aspeed v when it is a distance trom the Sun, and its di-
rection of motion makes an angle ¢ with the rading vector from the Sun. Show that the

major axis of the elliptical orbit of the comet makes an angle 6 with the initial radius
vector of the comet given by

angle for motion in an inverse-
A comet is observed to have

6 = cot-t <tan ¢ — V;R cse 2¢

where Vo= v/0 and R

= rfa, are dimensionless ratios as defined in Example 6.10.1.
Apply the result to the

numerical values of Example 6.10.1.

COMPUTER PROBLEMS

In Example 6.7.2 we calculated t]
rng ot matter of mass M and 1
tance r > R from its cente
the center of the ring |

1€ gravitational potential at a point P external to g
radius R, P was in the same plane as the ring and a dis-

. Assume now that the point Pis at a distance r < R from
ut still in the same plane.

ta) Show that the gravitational |

botential acting at the point r due to the ring of mass
s @iveer; by

G = ﬂ(l - ; -
R 4R?
Letr = radine of EarthSorbir = 1496 x ol

1 “m. R = radius of Jupiters orbit =

w83 f fupdter = 190 x 1037 kg Assume that the average
fretationd potental praded :m bupater o Farth is equivalent to that of 2 uniform
© I Sheme mass i equal to tha of Jupster aned whese ra
& % reters radies

¥ O harTler




]
j::. //3{9/("“3 O‘i"i ‘()00cu15?
= 11,350 Ky /3 /0005 M

ER ,
Arp) 7 (3(’*«)\ >
G (11,3505 )

/¢
] 3
= <Z.Io><luqm3> = 0027m

—
Tol| Torce — Lo 2+
(12;\ - M Me G _ M(éwvw‘w
T 4(0 6276m)° 7
> 87600 3N /o = 7 pag N

\l

.93 xto“’/4 - 2.1% O



g’; = = ""/MO\C
-~ (CZ
Grrt gl = 7 Tty
éﬁ
glel=-vp o -4nStp
323 3
mz = - Arlpe S HM
3
wE = 4TCp
>
g
A e
3
()307’: 4(6} M _ C_;_J\_)\/ - S
3 %ﬁQ Re Re
- f
- s 9,31m/s B !
o T\ X = T 0. 06 L%
T - %,g = S0 s = l4he




@ Cor o civeolor w\?(jt/ +leo fen#ur@é»/

2 | .
Q((Q\ML‘W o Vv
vﬁ\’:fj . m MG (Inwa’& Posilw@\
\@ !
gt = M G
.

?er\OA - z /l’lﬁW\Q ‘C"" o w\)‘—{-

- Circombrence L
v Com e €f
N Vv
N = Z/f‘i
/\./



@\ \j’\s: MG A &

/&y = 8.é4>”®4'5

9 22 Iy
c. (s - LT
- 6.6Ke
(1) w
R.- 6o ¥e

T = :27.3({0)3

| o210 ”"3/5Z



(1)



( < net MC)M\

- Mg\ ( KZ“’I\ O’l - g(u")
S = e L
Sa S;wce s Inver>e cubéd.

de = & - X _ ) -2x8
ot o
¢ t
g e %db g ) = 1E
Y‘OL \r‘b
o o
| K 2\:5_\\ _ 3¢
— le Z_
2K 6
Z -
e k& - 2kt o
o
AN, = \V\[kaf +
Vo©
\ 2x0¢
N o= — |
@(\ ¢ V\E QL +Lj



(s no+ Q 50/0'4%« (o KZ/\S

é - A | 6 :;o('t
(/Y‘ot C'&v‘(-z Ce/({ (Orlno‘lL d%—)/ (01(’9"/7

CC/VOL\OA> se @ (en

\)\\'&\A l:1~\€~
B 9
dt NIl
glo = L€
d‘l.,
& - D ¢
3 o



Lol S = 0907

peﬁ\cg r _ 2z 4
v AT ()

9L
Co = % — Og:élfﬂwoz/ﬁww‘o
| + <
= /05;/?0/ OO0 mi
2
} - K _ MOCDO\
WA

= (Z x\0*° kﬁ\ (é.é7)</0“" Af{iiq_\ <:, O%'X/OS?M/)

- 2 513//(93’ j"‘/‘t

T

s

B




fg d MmLeasure C( ‘N a.v . end 1

aQ = [/ 666/655/ 657»1.'

- A J - ‘7 92 O‘u‘
73/000)(9(9(9.44.'

/‘—“

= \/107‘(72(“/ > oz 7S.Y7

"
)2 Fe o ev ot el mdopibde
Vo= __&,7 Pef\‘\wlrw\ V= QPL\P{WM—\

v Y\

©

ﬁ
[}
T~
=
(.‘\
—
Q
{
N\
N
~
=
)
~
S



l%‘ . Q = e = c..\v”“‘\ = Toer Ve,
MO*I-\‘MWA S?Qe&, L\OP()O'\A> 0+ PQF\\kAe ‘\“Ur\ on cl
Mini M LA sFeeJ at (\P.‘Ae//w_
V..~ v - Y,
™ - WAA A - -
(\c r\
rd
\/"\m \/ma)L = 9\
s 4uto¥
N ~ (- a‘\ 6.6.%
9
Vi = & Co= o
| +¢ \—<
G, = Z
o Uy A _ (\ —‘sz o






Eh?vqy CW>°~/‘\JG LU‘/V\

S B R O
wio O*—i\

FO( Cl‘f‘(u 1-\/‘ OrLl--z’

wm * CG’V\ L"PQLQ( A—Tcel‘ao«{ﬁm = gﬂue o‘(’ (DPQV.'L/

~E t
2N - rdz.
2
VL = __\'S__ - ]S
wmyY



AV = NP \/C‘Q\

\
f—‘/ B /_,Tﬁ
- wo O+ mao ( +< \

= L]

YV\O(“’"‘-\

C\o} Neh ()@f}e.



(%)

Solve Lo @

=

V‘/\\Ioz - _\S_. = - K
- e
2 - M‘/oz“‘e
K
K
- (3 _:; WM Ye
- Ve
<
2 - Vo /\C)(,Q
Ce = 6. 4%0°wm Vo =
¢
& .4l
-

2 - (eooowis)®
(7@’/"’/)‘\(@ R2%'2%0; bM\

1)

gre

o060 M/S

= 4 4808w



/f"*’ld fC(e\\Vr“‘L/ 3

(o

Y= vuvysim b,

X_Ev%lvz: [‘E_d (\—at\]/z

%)
"“(‘(‘c,z\/ozs“"z@ox = \“Lz'
a
/y
2.
_ 2%
co (Ve 2 (v
<a
w V%
———— -
< 3

i\

I’Z.
AV K
| Lmo(““t\] [\ - v\ —&.K

[
X‘ ]ll 1 —JT'TI koL
q(,\%-‘t.\ J
= {:66’77‘7/5 X. 0.7/ = 4614 M/

W = f\i——"‘cl a Live) ~le = Z.1v10°m



