Homework ¢
Due Monday 4/11/2003 at 5:00 or end of office hours

Fowles Problems
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Bonus Problem B.1 Obtain a racket ball racket. Spin the racket about its
three principle axes (they are evident by symmetry). Describe what happens.
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Chapter 9 MOTION OF RIGID BODIES IN THREE DIMENSIONG ;

PROBLEMS

A thin uniform rectangular plate (lamina) is of mass m and dimensions 24 by ¢ Chocse
a coordinate system Oxyz such that the plate lies in the xy plane with origin at a cor-
ner. the long dimension being along the v-axis. Find the following:

(a) The moments and products of inertia

(b) The moment of inertia about the diagonal through the origin

(¢) The angular momentum about the origin if the plate is spinning with angular rate o
about the diagonal through the origin

(d) The kinetic energv in part (c)

A rigid body consists of three thin uniform rods, each of mass 1, and length 24, held

mutually perpendicular at their midpoints. Choose a coordinate system with axes ulosg

the rods.

(a) Find the angular momentum and kinetic energy of the bodv if it rotates with an.
gular velocity e about an ais passing through the origin und the point (1. 1.1

(b) Show that the moment of inertia is the same for any axis passing thmugh the orem.

(¢)  Show that the moment of ertia of 4 uniform syuare lamina is that given in Ex-
ample 9.1.1 for anvaxis passing through the center of the lamina and hing in the
plane of the Lunina,

Find a set ()fprincipal axes for the lamina of Problem 9.1 in which the origin is

(@) Atacorner

(b) At the center of the lamina

A uniform block of mass m and dimensions g by 24 by 34 spins about a long diagonal
with angular velocity w, Using a coordinate system with origin at the center of the block.
(a) Find the kinetic energy.

(b) Find the angle between the angular velocity vector and the angular momentum
vector about the origin,

A thin uniforin rod of length 7 and mass i is constrained to rotate with constant an-
gular velocity w abont an axis passing through the center O of the rod and ma]q'ng an
angle a with the rod.

{(a)  Show that the angular momentum L about O is perpendicular to the rod and isaf
magnitude (n/2w/12) sin o

(B) Show that the torque vector N is perpendicular to the rod und to Land is of mag
nitude il 2w=/125 sin a cos a.

Find the magnitude of the torque that wust be exerted on the block in Problem 9.4 #
the angular velocity @ is constant in magnitude and direction.

A rigid body of arbitrary shape rotates freelv under zero torque. By means of Fulers
equations show that both the rotational kinetic energy and the magnitude of the anga-
lar momentum are constant. as stated in Section 9.4. { Hine- ForN = ¢ mu/z‘ip/y Eulers
equations (Equation 9.3.5; byw,, w,, and ws. respectively, and add the three Cyuation:;
The result indicates the constancy of kinetic energy. Next. multiply by I w, . liw,. ond
Lo, respectively, and add. The result shows that L2 is constant. )
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A lamina of arbttrary shape rotutes [reelv under zero torque. Use Euler’s equations to
show that the suni w3 + w3 is constant it the 1, 2 plane is the plane of the lamina. This
nteans that the projection of @ on the plane of the lamina is constant in magnitude. al-
thongh the component w ; normal to the plane is not necessarily constant. ( Hint: Use
the perpendicular-axis theoren - What kind of lamina gives w, = constant as well*

A square plate of side @ and mass i is thrown into the air so that it rotates freeh- under
zero torque. The rotational period 27/ is 1. If the axis of rotation makes an angle of
453% with the svmmetry axis of the plate. find the period of the precession of the axis of
rotation about the svmmietrv axis and the period of wobble of the symetry axis about
the invariable line for two cases:

{a) A thin plate

(b) A thick plate of thickness a/4

A rigid bodv having an axis of svimmetry rotates freclv abont a fived point under no
torques. eais the angle between the avis of svmmetryand the fnstantaneous axis of
rotation. show that the angle hetween the axis of rotation and the invariable line {the
L vector:is

iU =D tan a

tan >
I, + ] tan? «

where I (the moment of inertia abont the svmmetry axis) is greater than I (the mo-

nment of mertia about an axis normal to the SVnimetry axist,

Since the greatest value of the ratio [ /1 = 2 tsvimmetrical lamina). show from the re-

sult of Problem 9.10 that the angle between o and L cannot exceed tan ~H 1/78)

or abont 19.3° and that the corresponding value of e is tan N2, or about 34.7°,

Find the angle between @ and L for the two cases in Problem 9.9.

Find the same andle for Earth,

A space platforn in the form of a thin circular dise of radius a and mass i fiving san-

ceris initially rotating steadily with angulur velocity @ about its svinetry axis. A me-

teorite strikes the platforn at the edge, imparting an impulse P to the platforni. The

direction of Pis parallel to the axis of the platform. and the magnitnde of P is cqual to

maw 4 Find the resulting values of the precessional rate (. the wobble rate é. and the

angle @ between the svuimetry axis and the new axis of rotation.

A Frishee is thrown into the air in such a wav that it has a definite wobble. If air friction

exerts africtional torque ~ ¢ w on the rotation of the Frishec. show that the component

of @ in the direction of the svmmetry axis decreases exponentially with time. Show also

that the angle a between the svmmetry axis and the angular velocitvvector w decreases

with time if I is larger than I which is the case for a flat-tvpe object. Thus, the degree

of wobble steadily diminishes if there is air {riction.

A simple gvroscope consists of a heavy circular disc of mass m and radius @ mounted at

the center of a thin rod of mass m1/2 and length a. If the gyroscope is set spinning at a

given rate S, and with the axis at an angle of 45° with the vertical, there are two pos-,

sible values of the precession rate ¢ such that the gyroscope precesses steadilvat a con-

stant value of # = 45°,

{a) Find the two numerical values of é when S = 900 rpmiand ¢ = 10 cm

(b} How fast must the QyToscope spin in order to sleep in the vertical position” Ex-
press the results in revolutions per minute.
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A pencil is set spinning in an upright position. How fast must the spin be for the penct
to remain in the upright position? Assume that the pencil is a uniform evlinder of lengsg
a and diameter b, Find the value of the Spin in revolutions persecond fora = 20 ¢y
andb =1 ¢,

A bievele wheel of diameter 30 in. rolls along the ground. How fast must it roll to re-
main upright? Assume that half the mass of the wheel is on the peripheryirim . one
tourth of the mass is in the spokes. and the remainder is concentrated at the center
hubo, Compare the result with that obtained if the spokes and hub are ignored.

A rigid bodv rotates freelv under zero torque. By differentiating the first of Eulers
equations with respect to ¢, and eliminating &, and @5 bv means of the second and
third of Eulers equations. show that the following result is obtained:

w, + Kjw, =0

in which the function K, is given b)‘

iy — I,0l, — I Uy = LIy~ )
I\’]=—w§\3 REAE! 1 + w2 3 2 3 1
h L1 ’ LI,

Two similar pairs of equations are obtained by evelic permutations: 1 2.2 53 5 L&

In the preceding expression for K both quantities in brackets are positive constanzs

< < I orif]) > I, > 1, Discuss the questionof the growth of w, stability 7o

tiallv . is very small and ftws = Oand wy is large: initial rotation is very nearhy atugg

the 3-axis. and b w; = Uand w, is large: initial rotation is nearlvabout the 2-axis. \oge

This is an analvtical method ()fd(’dll(‘i]]g the stability criteria illustrated iy Figure g 34

A rigid body consists of six particles. each of mass mr. fived to the ends of three fighs

rods of length 24. 24, and 2¢. respectively: the rods being held mutually perpendicog-

to one another at their midpoints.

{a)  Show that a set of coordinate axes defined by the rods are principal axes. and
dovwn the inertia tensor for the svsten in these axes.

(b) Use matrix algebra to find the angular momentum and the kinetic energy of e
svstem when it is rotating with angular \'t’]()('it}' w about an axis passing thm@
the origin and the point (a. b, 1.

Work Problems 9.1 and 9.4 using matrix methods,

A uniform rectangular block of dimensions 2a by 2b by 2 and mass m spins uboez 3

long diagonal. Find the inertia tensor for a coordinate svstem with origin at the o

of the block and with aves normal to the faces. Find also the angular momentur, zng

the kinetic energy. Find also the inertia tensor for axes with origin at one corner

Show that the =-component of angular momentuin J, of the simple oroscope dise
n Section 9.7 is given by Equation 9.7.7.

It the top discussed in Section 9 = I8 set spinning very rapidlv 2 0 ity rate of pe
sionwill slow . = 0% and the angular difference 02 = 0, between the limits of s 2
tional motion will be small, Assuming this condition, show that the top can be o
precess without mutation if its motion i started with (?'{H;H =Vund di, ., =
where L =7 ¢

Formaldehvde molecules 1CHL O have been detected in outer space by the racs: wag
thev emit when thev ch;mge rotational states. Assume that the molecule is 4 ricud
shaped like a regular tetrahedron whose faces make equilateral triangles. The s
of the oxvgen. carbon. and Invdrogen atoms are 16, 12, and 1 AMU. respectiveh
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Figure P9.25

(a) Show that a coordinate system whose: 3-axis passes through the oxvgen atom and
its projection onto the face formed by the carbon and two hvdrogen atoms; 1-axis
passes through that point and the carbon atom; 2-axis is parallel to the line con-
necting the two hydrogen atoms are principal axes of the molecule, as shown in
Figure P9.25.

(b) Write down the inertia tensor for the molecule about these axes.

(¢) Assume that the molecule rotates with angular velocity given by
w=we, t we, t we,
Show that motion is stable if the molecule rotates mostly about either the 3-axis or the

2-axis iie.. if w, and w, are small compared with @, or if @, and @ are small com-
pared with w,) but not stable if it rotates mostly about the T-axis.

COMPUTER PROBLEMS

Consider the spinning top discussed in Examples 9.7.1 and 9.7.2. Suppose that it is
set spinning at 35 rev/s and initiallv its spin ads is held fixed at an angle 8, = 60°. The
axis is then released and the top starts to topple over. As it falls. its axis starts to pre-
cess as well as to nutate between two limiting polar angles , and 6,

(a) Calculate the two limits 6, and 6,.

(b) Estimate the period of nutation analvtically. ¢ Hint: Make approximations. where
necessary, in the expression giten in the fe,\'tf()r 1w and then integrate

(¢) Estimate the average period of precession analvtically. “Hint: Make approxima-
tions in the expression for & given in the text.;
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