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El 
'Iher s;vstem below htr^s two lnitsses each o1'mit^sij m and ttrree springs rvitl-r ;sprirrg cotrstzrtlt$ A1 =' /,r. /'2 == !lA. ancl

A3 ,,=']lr. Let, the eqlilibrium loczrtiol of the rna-sses be given ltV L L art,:i:t;2, ntea-sttteci ft'tiltt titcl ]r:1t stttrrp,Ort,

Thc, ntasses oscillate in a line.

(a) Write the Lagr:rngian for the svstern.

(b) Find the frr:qtrencies of the normzrl mocles of the systetn.

(c) Find the eigettvectors of the trorrna ttrodes.

(d) How rlgst 1,he systenr be prep:rrecl for it to oscill:rte' orrlv wit h ttre lor'vest ttortrltil ft't:t1t-tctt:l ' ' i

sprirrg 1 sPring 2 sPring

mass 1 mass 2
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A s i r r rp le pet tdulr - r r i l  o i lenqt i r  1and ntass ni  is  suslrerrded f rorn a point  on the c i rcrrpr ierenct ,
of  a th in n lassless c l isc, t f  radius a t i rat  rotates t r i th a constant  a lgular  re loci t i .araSout r ts
centra lanis as shourt  in Figure P10,12.  F- ind t l ie  equat ion of  rnot iorr  of  t6e nra.ss,n
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f n l

t lLat  rotate 's

as shorrri in

Figure  P10.12

" \  be,rc l  o i -  r .ntL.ss r r i  is  r .orrstr  a i r r t ' r l  to
' , i i th  i :onstanr angular  r  e l t , : r t r  o in
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F i g u r e  P 1 0 . 1 3

r a) Fincl Lagranqe's ecluation r.r i ' rnotion {br the b,:acl.
(b) Sho,r ' thai t i re beacl osci l lates l ike a pendulurn about
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lroir l t  oi ' .support o1'a.sirnple pe'rrt lulunr is lreinq c' levated at A c.snstirpt accclerat i .r  a.
: ;o that t i r t ,hciqht oi ' thc.suPport is lat: .  ancl i ts..r ,r f icnl reloc, i tr  is at.  Fint l  t l ie,: l i { Ierentirr l
t :quation of nlot iot l  lor.sl trzr l losci l lat ions oi ' t l ,e perLclrr lunt l l 'Laqranqe,s rpethocl Show,t] iat
lhe pr : r ioc l  o f ' the pe ' r tc i r i lu rn  is  2zI  t l (g+ rz l ] ' r . - rvhere / is  t i re  length 'o f  the pen, : l ' lu r r .

lC t , l 5  \ \ o r kP rob le r i l  512b r  us i t r g the rne t l r odo1 'Lag rangen r i r l t i p l i e r s . (a )  Shoq . t6a . . t  t 6eacce l -
t r ra t ion o l ' the ba l l  is  jg  tb)F inc l  the,  tens ior r  i r i  t l ,e  s t r inq.

l0' .16 ' \  hearl elast ic spring oi unr{ornr st i lTi iess arr i l  clerrsitv supports a block of rpasr; rr i .  I f  ,r ' is
the rrttxs of the sp.i,iq artcl k its stif{i-ress. s}x;u'th:.t the pcriocl of yerticirl oscill,;rti3's is

^  , i , ,  i l ; ,7 r )- t \ '  
r -

' [ ' l i i-s 
probletll shou's the e{}'ect of the nras.s of the spring or.r the periocl of oscil latio r-t. (Ii it i:

) " tL e21 uP t l le  Lagrat tg ia" t  f r tnct iot t . f r t r  tht  sr l ,s lent .  a.s,surr t t , thot  the t ,e loc ' i t t1 of  t i 'p t ) t  part  of
t i rc  spr i r ,g i ,s  ptrp7111ryi , . t r t t t l  t , )  i t , :  d i .s tonce. f r i , r r l  yJ lg 
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Figure 11.6.3 A : ; tancl ins
sinusoidal wAVe.
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are i l lustrated in F'igr:re 11.6.3. Note aga.n
values of allori,able, w.avelengths 1,. Becau:;e
as borrndarr. conditions

that there is a li 'ell-defilerl constrirint cn tlie
the endpoint.s o1'tlie string are fixed. s,e har.er

( 1 1  6  1 5 )

is uret auto-

' / l

I

c l  = U  ( r = 0 .  l , )
t jrat our r;olution (lEquation i i.6.i-1.1 ntus: ober,. The first conclit ion atr = 0rnaticalir: The sec.,rcl bouncrar\ conditrori ' t. = tt; nret i i '
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An integral nunibe,r of litilf u'a'elengths must flt w.ithin the lengt6 L i{'to be nodes' This is preciseiv the coiiclition obtarnecl prer.iouslv for t6ethe loadetJ string.

Problems
I  l  '  l  A part icle of ' 'ass r/r nro'es in one-drme ,nsionar n-iot ion

functiorrs:

( 1 1 . r j . 1 6 )

the endpoints are
normal rnodes of

vvith the {bllor,v'ing potential eners\

r a r  \ ' ( . ,  =  1 , . t  *  . [
2 r

(b )  \ ' r . r . )  =  A. . r ( .  
' ;  '

(c )  1 ' ( r t=  k i . r - '  -  1r , r . , )
* 'here al l  . , l lstal i t 's air i :  re' i t l  artci  positr 'e. I" irrcl  the equrhbrrLrni p,srt ioirs lbr rr l icS,:aseand c le ter rn ine ther r  s ta l i t l i t r

(d) r ind the angrrlar 1r 'equerrcrl  ro io, s,ral l  osci l lat iors about the rersp,ect^.e posrt i 'ns ofstable equilib'ittrn {br parts (a). (bt. a'd (c), a'd find th" p"rioJi.,'.,,""orrd, fbr eaclr c:i_se
"' f  

, t  = 1 g, ancl lc and rrare eaclr of u.r i t  
" iu" 

in cgs u' i ts,
1l '2 A paLrtrcle l l lo 'es ' i l t  h'o dirnensio's .ncier the potential energl. tunction

I '( .r-.y) = lc(r.  * yt _ 2bx _ 4bq)
u'here k rs a por; i t i 'e c'ottstant. Shou'that t i rere is one posit ion oi equi l l ibrrurn. Is i t  stabie orunstable?

I l'3 The potential e:lergi lu'ction of a particl: of niass rn ir one-drnrensiona] r'otion is g^,e,n br"

L
\ - 1 . r - r =  - l  t '

2
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as fc,llow's:

- t r ( l )  =  - rA. , (coso, , f  +  coscDi , / ) '=  Aocoso) f  c 'osAf

ro(f )  = |  A.1.orr,-r, , f  -  cosco,,t)  '= Ao sirrdf sin At

iri $,hich 6 -- (alr + rD1)l2and A = (.@t, - a),,)li ' '.. Thus, if the coripiing is \'€f V vr'€irk so that

K, << K. th,:n d rvill l.,e 'erv near6.' equal tt) a,,.== (Klrtt)r 
2 
,a'd A is 

"e'i 
snall' Consequentlr"

uncler the s;tated inib,al cc,nditrons, the first oscill*tor e'entu*liv col-nes.to rest rvlril': the secc''d

.sciilator c,scirlates r'ith arnplitude A6. Later, the svster' returns to the initial co'ditron, e'nd

so on. Thus, the enerry rPasses back urd {brth between the trvo osciilators incleiinitell''

l l . l4 In Problern 11.13 shor,, ' that, for u'eak coupl 'ng, the periodat which the energl ' ,Tt l l : :

back and forth is al lproxunat"l-u 
"q. '"1 

to i"tZkX'; where Tu -- 2nla" = 2rl(nt/K)' ' -  ts

the periocl of the sra'ntnetric oscillertion'

rr.rF 
.f*,o icle' t ical sirrple pe'dula are coupled trgetrrer b1'a rer '* 'eak f.rc"e tt f  attract ion

that ' .r ies as t lre ir t 'erse squale uf the,l i r t"n""" betrveen the h'o part icir :s (This fcrce

r' iql i t  be the gra' i tat ional attract ion beh'eerL the t* 'o part icle-s'  for lnstan.e ) SIio$'t ]at '

[c,r small ,:lepart,res; fr,ln-r the e quiiibritrm conl]guratio'. tire Lagra.giau ctrtt be reduced

t. t l ie sa'ue ' t tr ther'at ic:r l  for 'r .  r int l i  approi,r iate constants'  's ihoti ' f  t l ' r :  t* 'o identical

c , r up lec l  osc i l l a t o r s  t r ea ted  i n  Sec t i on  1 I ' i l  and  i n  P rob le rn  11  13 '  ( j 1 i n f :  Cons tde r

E c l u a t i o r t  l l 3 ' 9  )

I l . I6  F in t l the norrna l f rec luenc iesof  thecouplec lharn. ron icosc i l l : i to rsvstem(seeFigure 
I l  3 ' I )

f,r trre gr:neral 
""rr,'in, 

*4rich i1-," ; farticres ha'e u.equal nins, ancl the springs ha'e

cliffere.t stiffness. I n particLir*r. fincr the, freq -re'cies for the case ,1i = 171, 'L) :- 2tt1' Kr = K'

Kz= 2K. K' -- zK.Express the result rn te'ni of the qua'titv {0t' = 1K/nt)r':r

I l. L7 A light elastic spring; of stiffness K is clarnped zLt its upper elcl and supports a particle of mass

rn at its lower end. A second spring of stiffnesrr K is fastened to the particle and' in turn' sttp-

'orrs a particle of rnass 2rn atits frwer r:ncl. Irind the normal frequencies 'rf the s-vster-rr for

'ertical oscillations ab,rut the eluilibrium configuration' Find also the norrnal coor&nates'

11.1g (lonsider the c:rse of a. clouble pencltrlum, Figl.." ll '3'7a, inrvhich the tv'l:) sections are of

crrffere't re'gth, the upper on"'t 
"tg 

of renglh r1 a'd the lower of length 12' Both parf icles

,rre of erlual ,rl-rur, ,,, Fi,tC the norrnal"{r,:qt ei.cies of the svstem and the nortual coordirrates'

r l, rg set up the securar erquation for tire case of trrree couple<i particres i. a ii 'rear arrav a'd sho*'

that the normal lrequencies are the sarne as t[ose giu"n b1'Equatictn 1l']-i'17'

11.20 A sirnpl,: pendulum of'mass rn and length a is. attachecl to a block of tna'ris -\/ that is corr-

strai'ed to slicle al,rng a h'ictionlerr, lro.trontal track as shorvn in F-igure Pll 20' Find the

nor t ] ]a ] f requenc iesunc lnorn- 'a lnrodesof r l l ;c i l la t ior r '

'.4.
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Figure P11.20
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